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Lecture 5B. Numerical integration - examples
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Finite element method
(FEM1)
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Example 1. 1D case

Analytically:

Numerical integration using 1 Gauss point: Polynomial 
degree

Number of 
Gauss points

𝜉𝑖 𝑤𝑖

1 1 0 2

3 2 − ൗ1
3

+ ൗ1
3

1

1

5 3 − 0.6
0

+ 0.6

5/9
8/9
5/9
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Example 2. 1D case

Analytically :

Numerical integration using 2 Gauss points :
Polynomial 

degree
Number of 

Gauss points
𝜉𝑖 𝑤𝑖

1 1 0 2

3 2 − ൗ1
3

+ ൗ1
3

1

1

5 3 − 0.6
0

+ 0.6

5/9
8/9
5/9
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Example 3. 2D case

Analytically :

Numerical integration using 2x2 Gauss points :

Polyno
mial 

degree

Num
of 
GP

𝜉𝑖 𝑤𝑖

1 1 0 2

3 2 − ൗ1
3

+ ൗ1
3

1

1
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𝐹3𝑒
𝑝
= 𝑡𝑒𝑝 1−׬

1
[1
2
𝜂 − 1 𝜂] 𝑙

2
𝑑𝜂= 𝑝 𝑙

4
𝑡𝑒 ቚ

1

3
𝜂3 −

1

2
𝜂2

−1

1
= 
𝑝 𝑙

6
𝑡𝑒

Example 4. Determination of equivalent forces in an 8-node element (analytical vs numerical integration)

𝐹3𝑒
𝑝
=

1

4
𝑡𝑒𝑝𝑙 1−׬

1
𝜂 − 1 𝜂 𝑑𝜂 =

1

4
𝑡𝑒𝑝𝑙 1 ∙ −

1

3
− 1 −

1

3
+ 1 ∙

1

3
− 1

1

3
=

for 2 Gauss 𝑝𝑜𝑖𝑛𝑡𝑠: 𝜂1 = −
1

3
; 𝜂2 =

1

3
; 𝑤1 = 𝑤2 = 1

=
1

4
𝑡𝑒𝑝𝑙

1

3
+

1

3
+

1

3
−

1

3
=  

𝑝 𝑙

6
𝑡𝑒

Analytically:

Numerical integration using 2 Gauss points:

21

34

7

68

5

𝑥

𝑦 𝑝

𝐹3𝑒
𝑝

equivalent load vector due to surface load:

𝐹𝑝
𝑒 = 𝑡𝑒න

0

𝑙

𝑝 𝑁 d𝑠 𝐹3𝑒
𝑝
= 𝑡𝑒න

0

𝑙

𝑝 𝑁2 d𝑦

d𝑦 = 𝑙
2
𝑑𝜂

𝑁2 1, 𝜂 = −1
2 1 − 𝜂 𝜂
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Example 5. Determination of equivalent forces in an 8-node element (analytical vs numerical integration)

for 2 Gauss 𝑝𝑜𝑖𝑛𝑡𝑠: 𝜉1 = 𝜂1 = −
1

3
; 𝜉2= 𝜂2 =

1

3
; 𝑤1 = 𝑤2 = 1

𝐹11𝑒
𝑋 = 𝑡𝑒

𝑙2

8
𝑋 1−׬

1
1−׬
1

1 + 𝜉 1 − 𝜂2 𝑑𝜉 𝑑𝜂=

= 𝑡𝑒
𝑙2

8
𝑋 ൤

൨

1 ∙ 1 −
1

3
1 − −

1

3

2
+ 1 ∙ 1 +

1

3
1 − −

1

3

2
+

+1 ∙ 1 −
1

3
1 −

1

3

2
+ 1 ∙ 1 +

1

3
1 −

1

3

2
= 
1

3
𝑡𝑒𝑋𝑙

2

Numerical integration using 2x2 Gauss points :

21

34

7

68

5

𝑥

𝑦

𝑋 = 𝑋, 𝑌 𝐹11𝑒
𝑋

equivalent load vector due to mass load ∶

𝐹𝑋
𝑒 = 𝑡𝑒 න

𝐴𝑒

𝑋 𝑁 d𝐴𝑒

d𝑦 = 𝑙
2 𝑑𝜂

𝐹11𝑒
𝑋 = 𝑡𝑒 න

𝐴𝑒

𝑋 𝑁6 d𝐴

d𝑥 = 𝑙
2
𝑑𝜉

𝑁6 𝜉, 𝜂 = 1
2 1 + 𝜉 1 − 𝜂2

𝐹11𝑒
𝑋 = 𝑡𝑒𝑋1−׬

1
1−׬
1 1

2
1 + 𝜉 1 − 𝜂2 𝑙

2
𝑑𝜉 𝑙

2
𝑑𝜂= 1

3
𝑡𝑒𝑋𝑙

2Analytically :
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Example 6. 8-node element - numerical integration (n=3).
Find the area of ​​the element and the volume V0.

V0

0

1

2

3

4

5

6

7

8

9

10

-2 -1 0 1 2 3 4 5 6 7 8

𝟏

𝟐

𝟑

𝟒

𝟓

𝟔
𝟕

𝟖

𝑥𝑖 = 2, 7, 4, −1, 5, 5, 1, 1 ;

𝑦𝑖 = 1, 4, 9, 4, 2, 6, 7, 3

1𝑥8

1𝑥8



Reminder: Gaussian quadrature rule for 2D elements

: 𝜉1= 𝜂1 = − 0.6 , 𝜉2= 𝜂2 = 0 , 𝜉3= 𝜂3 = 0.6

𝑤1 = 𝑤3 =
5

9
; 𝑤2 =

8

9

𝜉

𝜂

1−1

1

−15

9
·
5

9
= 
25

81
8

9
·
5

9
= 
40

81
5

9
·
5

9
= 
25

81

5

9
·
5

9
= 
25

81

5

9
·
5

9
=
25

81

5

9
·
8

9
= 
40

81
5

9
·
8

9
= 
40

81

8

9
·
5

9
=
40

81

8

9
∙
8

9
= 

64

81

𝑤𝑖𝑤𝑗

𝜉

𝜂

1−1

1

−1− 6 ,− 6 + 6 ,− 6

+ 6 ,+ 6

− 6 ,+ 6

0,− 6

− 6 , 0

0, 0

+ 6 , 0

0,+ 6

(𝜉𝑖 , 𝜂𝑗)

𝒏 = 𝟑

8



9

𝑥 = 𝑁(𝜉, 𝜂) 𝑥𝑖 𝑒 ; 𝑦 = 𝑁(𝜉, 𝜂) 𝑦𝑖 𝑒
1 × 8 8 × 1 1 × 8 8 × 1

𝑉0 = 𝐴׭
𝑓 𝑥, 𝑦 𝑑𝑥 𝑑𝑦=

= 1−׬
1
1−׬
1 1

2
𝑥+

2

3
𝑦 + 2 det 𝐽(𝜉, 𝜂) 𝑑𝜉𝑑𝜂=

= 1−׬
1
1−׬
1 1

2
𝑁(𝜉, 𝜂) 𝑥𝑖 +

2

3
𝑁(𝜉, 𝜂) 𝑦𝑖 + 2 det 𝐽(𝜉, 𝜂) 𝑑𝜉𝑑𝜂=

= 𝑑𝑒𝑡 𝐽 =
𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑥𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑦𝑖 𝑒 −

𝜕 𝑁(𝜉,𝜂)

𝜕𝜉
𝑦𝑖 𝑒

𝜕 𝑁(𝜉,𝜂)

𝜕𝜂
𝑥𝑖 𝑒 =

=
1

2
𝑁(− .6 ,− .6 ) 𝑥𝑖 +

2

3
𝑁(− .6 ,− .6 ) 𝑦𝑖 + 2 det 𝐽(− .6 , − .6 ) ·

5

9
·
5

9
+

+
1

2
𝑁(0,− .6 ) 𝑥𝑖 +

2

3
𝑁(0,− .6 ) 𝑦𝑖 + 2 det 𝐽(0, − .6 ) ·

8

9
·
5

9
+

+
1

2
𝑁( .6 , − .6 ) 𝑥𝑖 +

2

3
𝑁( .6 , − .6 ) 𝑦𝑖 + 2 det 𝐽( .6 , − .6 ) ·

5

9
·
5

9
+

+
1

2
𝑁(− .6 , 0) 𝑥𝑖 +

2

3
𝑁(− .6 , 0) 𝑦𝑖 + 2 det 𝐽(− .6 , 0) ·

8

9
·
5

9
+

+
1

2
𝑁(0,0) 𝑥𝑖 +

2

3
𝑁(0,0) 𝑦𝑖 + 2 det 𝐽(0,0) ·

8

9
∙
8

9
+  …  = 220.4 𝑚𝑚3

Volume calculation

The calculation of this 
determinant was shown in 
the presentation: 
Lecture 04B
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𝐴 = ඵ
𝐴

𝑑𝑥 𝑑𝑦 =

= 1−׬
1
1−׬
1
det 𝐽(𝜉, 𝜂) 𝑑𝜉𝑑𝜂 =

+det 𝐽(0, − .6 ) ·
8

9
·
5

9 +det 𝐽( .6 , − .6 ) ·
5

9
·
5

9
+

+det 𝐽(− .6 , 0) ·
8

9
·
5

9
+det 𝐽(0,0) ·

8

9
∙
8

9

= det 𝐽(− .6 , − .6 ) ·
5

9
·
5

9

+det 𝐽(0, .6 ) ·
8

9
·
5

9
+

+det 𝐽(0, .6 ) ·
8

9
·
5

9 +det 𝐽( .6 , .6 ) ·
5

9
·
5

9
+det 𝐽(− .6 , .6 ) ·

5

9
·
5

9
= 33 333 𝑚𝑚2

Area calculation
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